is in one-to-one correspondence to a pseudo-Euclidean vector bundle. He moreover discovered that Q-structures are in one-to-one correspondence to Courant algebroids on the underlying pseudo-Euclidean vector bundle. The Dorfman bracket of the Courant algebroid can be reconstructed as a derived bracket between the graded functions of degree 1 (which are isomorphic to the sections of the vector bundle). In the same paper Roytenberg also gave the elementary structure of graded manifolds as towers of affine fibrations.
Based on that, the author investigated PQ-manifolds of degree 3 and we define an algebroid with structures similar to the PQ3-manifold. It turns out that this generalization is an H-twisted Lie algebroid. That is a vector bundle E → M (over a smooth manifold) together with a map of vector bundles ρ : E → T M , called the anchor, and a skew-symmetric bracket [., .] on the sections of E. These fulfill the usual Leibniz rule. More general than a Lie algebroid, the Jacobi identity can be twisted by an E-3-form H with values in ker ρ. Guided by the PQ3-manifolds this H should be closed under some exterior covariant derivative. This arises naturally on the (possibly singular) subbundle ker ρ (see Section 2 for details). Given this exterior covariant derivative we will define a cohomology by the naïve idea of cutting down the cochains (E-forms with values in S
• ker ρ) until it squares to 0. This is summarized in the main Theorem 16
in Section 3. The idea of twists of algebroids is well known in the literature, see e.g. [Kos05] , [Kos96] , [LWX97, chap.6 ], or [CSX10] .
The correspondence to PQ3-structures requires an additional structure -a splitting. This is summarized in Theorem 31 in Subsection 4.2. Also for these split H-twisted Lie algebroids it is natural to define cohomology in terms of the Q-structure (analog to Courant algebroids). We arrive thus at another definition of cohomology.
Note that the H-twisted Lie algebroid fits into the structure of a two-term L ∞ -algebra as introduced by [BC04] . We will review this definition in Section 3. An interesting fact is that H-twisted Lie algebroids with an anchor map of constant rank can be described by Q-structures in another way, not involving a symplectic realization. This observation goes back to the joint work of the author with T. Strobl in [GS10] . This gives rise to another definition of cohomology in this regular case (details in Section 5).
Note that the realization as Q-structures naturally permits one to write down topological σ-models for H-twisted Lie algebroids. They can therefore also be of interest for considerations in Quantum-field-theory. Details of the underlying formalism can be found, e.g., in [AKSZ97] or also in [GS10] . Namely, during publication the author was informed of parallel developments by Ikeda and Uchino in [IU10], where particular PQ-manifolds of degree 3 as well as the sigma-models via AKSZ-construction are studied. Their Lie algebroids up to homotopy correspond to splittable H-twisted Lie algebroids.
For those readers not interested in the graded geometry behind it, the Sections 2 and 3 are written entirely in terms of smooth geometry. Also the naïve cohomology only relies on smooth vector bundles and the exterior covariant derivative on ker ρ. Since the naïve cohomology requires (smooth) sections of a potentially singular bundle (the kernel of the anchor map), it seems helpful to also give a definition of H-twisted Lie algebroids in terms of differential algebra.
This gives rise to what we want to call H-twisted Lie-Rinehart algebras. For an introduction to Lie-Rinehart algebras see the original article [Rin63] as well as [CL07] for the notion of (co)-morphisms.
The organization of the paper is as follows. In Section 2 we give a definition of the E-connection of an anchored almost Lie algebroid (E, ρ) on ker ρ. We also explain what is meant by smooth sections in this possibly singular vector bundle. In Section 3 we introduce the main object, H-twisted Lie algebroids.
We show that they are anchored (in the sense of Section 2) and show properties of its exterior covariant derivative. We also give examples. This permits us to define the naïve cohomology of an H-twisted Lie algebroid. We end this section with the definition of H-twisted Lie-Rinehart algebras. In Section 4
we take an excursion to graded symplectic Q-manifolds and show that PQmanifolds of degree 3 (with splitting) give rise to split H-twisted Lie algebroids.
We moreover introduce the notion of split cohomology for splittable H-twisted
Lie algebroids. In Section 5, finally, we introduce a Q-structure for regular 
Example 2. Examples of these are Lie algebroids (which in addition fulfill the Jacobi identity), but also constructions of the following type. Let F ⊂ T M be an integrable distribution, E := F ⊕ E 0 be a vector bundle with projection
for φ, ψ as above and observe that it lies in ker ρ, because of the morphism property of ρ. Since ρ(ψ) = 0 it is also C ∞ (M )-linear in φ.
Definition 5. Using the usual formula that works for Lie algebroids, we can extend ∇ to an exterior covariant derivative D : Ω
Lemma 6. The above formula is indeed skew-symmetric and 
It follows that the Jacobi identity of [., .] B is twisted by D 0 B = H. Due to rk E = 3 we also observe that D B H = 0 for the differential defined in the Definition 8.
is an H-twisted Lie algebroid. Example 11. We can generalize the last example if we take rk E ≥ 3 with Lie algebroid structure (E, ρ, [., .] 0 ) and ∇ E0 , D 0 as before. Starting from an arbitrary B ∈ Ω 2 M (E, ker ρ) we observe again that H := D 0 B is the twist of the Jacobi identity.
and for φ ∈ Γ(ker ρ)
• ker ρ) by extension by Leibniz rule. The last condition (3) is therefore equivalent to
where we used that the differential D 0 of the (flat) module ker ρ squares to 0. Therefore we can generalize the previous example if we can solve this quadratic first order (partial) differential equation.
From [BC04] we take the following definition of a two-term L ∞ -algebra.
Subject to the rules
where φ i ∈ V 0 and f ∈ V 1 .
Proposition 13. The H-twisted Lie algebroid (E, ρ, [., .], H) is a two-term L ∞ -algebra with the following identifications:
Proof. (7) follows from the definition of the connection, (9) is the axiom of homotopy Jacobi identity (1), (11) can be identified with the closeness of H under the derivative D (3). (8) follows from the skew-symmetry of the bracket (and the definition of the connection ∇ E ) and (10) for ψ i ∈ Γ(E) and φ ∈ Γ(ker ρ) derives as follows: 
Note that the operator D does not square to 0 in general. It is
, and ψ i ∈ Γ(E).
Proof. For the first statement, note that D is an odd first order linear differential operator.
For the second statement, observe
and conclude for k terms α i by induction. It thus remains to show the formulas for f , α, and φ ∈ Γ(ker ρ).
The first term vanishes due to Lemma 9. The second term simplifies using the Jacobi identity and gives the claim. (15) is property (10) of a two-term L ∞ -algebra.
Remark 15. Extend moreover the operatorH from the last propositioñ
Remember the trace operator. Given a tensor product of vectors and covectors, e.g. ∧ p E * ⊗ S q E it contracts one vector with one covector, thus lowering the number of factors by one each. In explicit formulas this is tr :
Theorem 16 (naive cohomology). Given an H-twisted Lie algebroid (E, ρ, [., .], H) we define its naive cochains as
and the differential
together with an accompanying differential
Its partial cohomology H
Proof.
and by a polarization argument also for two arbitrary ψ 1 and ψ 2 . By an induction argument this extends to arbitrary Ψ ∈ Ω p M (E, S q ker ρ).
Note that the two differentials do not interchange, i.e. this is not a double complex. The name naïve cohomology is in analogy to [SX08] , because we cut down the cochains such that D squares to 0. It might thus be that H 2,0
naive (E) does not cover all infinitesimal deformations of E. Example 18.
1. If (E, ρ, [., .]) is a Lie algebroid (and H thus vanishes), the naïve cohomology coincides with Lie algebroid cohomology with coefficients in S
• ker ρ. 2. Let g 0 = su(2) and B := ξ 1 ξ 2 ⊗ X 1 . Then H = vol ⊗ X 2 and
The cohomology of su(2) is well known due to Whitehead's lemma (see e.g. as opposed to Whitehead's theorem (see, e.g. [web, WhiteheadsLemmas] ) for su(2), where the Lie algebra cohomology with coefficients in an irreducible module of rank at least 2 vanishes.
H-twisted Lie-Rinehart algebras
Since the cochains C p,q := Ω p M (E, S q ker ρ) are smooth sections of a possibly singular vector bundle, the more natural language for the H-twisted Lie algebroids is that of modules over (smooth) algebras. Throughout this chapter R will be a commutative (associative) ring with unit 1 over a base field k. We will denote by Der(R) the derivations of R (being additive and fulfilling the usual Leibniz rule). By ⊗ we denote the usual tensor product over k. Given an R-module E, we denote E * := Hom R (E, R) its dual module. Remember the definition of Lie-Rinehart algebra [Rin63, CL07].
Definition 19. A Lie-Rinehart algebra (R, E, [., .], ρ) is an R-module E that has the structure of a Lie algebra (E, [., .]) together with an R-linear map ρ : E → Der(R) subject to the rules
where φ, ψ i ∈ E, f ∈ R.
Note that the first axiom is the Jacobi-identity of the Lie algebra. The second axiom is the Leibniz rule and the third axiom is the morphism-property for the anchor map ρ. The last axiom follows from the first two for projective modules E, however one usually does not make this restriction in the definition.
The analogy for H-twisted Lie algebroids is now.
, and an E-3-form H with values in ker ρ, i.e. H ∈ Hom R (∧ 3 E, ker ρ), subject to the rules
where φ, ψ i ∈ E, f ∈ R and D : Hom R (∧ • E, ker ρ) → Hom R (∧ •+1 E, ker ρ) is the exterior covariant derivative induced by the E-connection ∇ : E ⊗ ker ρ → ker ρ which is induced by the bracket [., .].
The construction of the E-connection on ker ρ as well as the exterior covariant derivative is analog to the algebroid case.
Example 21. A big class of examples comes from H-twisted Lie algebroids, where R = C ∞ (M ), E = Γ(E), and [., .] and H are the corresponding structures. In particular H-twisted Lie algebras are 2-term L ∞ -algebras with the differential ∂ : V 1 → V 0 being an embedding.
In order to form a category we also need to specify the morphisms. These come in two versions.
2 ) of Lie-Rinehart algebras is a morphism of base rings Φ * : R 1 → R 2 , a morphism of modules Φ * 1 : E 1 → E 2 and Φ * 2 : ∧ 2 E 1 → ker ρ 2 , subject to the rules
We call such an L ∞ -morphism strict iff Φ * 2 ≡ 0.
Note that despite the notation we do not require the Φ * i to be transposes of any maps Φ i .
Proposition 23. The H-twisted Lie-Rinehart algebras together with L ∞ -morphisms form a category. The composition law for two morphisms
where χ i ∈ E 1 , f ∈ R 1 , and ρ 3 is the anchor map of (R 3 , E 3 ).
The strict morphisms for a subcategory.
The result is that an L ∞ -morphism of H-twisted Lie algebroids is the following. Proposition 26. A symplectic N-manifold of degree 3 has an exact symplectic form ω = d(
It fits in the short exact sequences
This is an observation by Roytenberg in [Roy01] . Canonical coordinate changes read as:
where R ∈ Ω 3 M (E) has to fulfill Lemma 27. The above short exact sequences permit splittings (in the category of pointed fiber bundles). A splitting i :
Proof. The fibers are contractible.
Example 28. The Q-structure Θ of a PQ3 manifold has the following components:
i.e. a map
a symmetric 2-vector
an E4-form
and a bracket
The nilpotence {Θ, Θ} is equivalent to
where φ, ψ, ψ i ∈ Γ(E)
Proof. In order to show, e.g., (41) use adapted coordinates such that p * j (θ a ) = θ a and note that the derived bracket encodes:
Then use computation in these coordinates. 
and the Hamiltonian lift
Therefore the symmetric bivector B and the E-4-form h compute as
The anchor map factors through π
and the skew-symmetric bracket in coordinates is
Note that this bracket fulfills Leibniz rule and has Jacobiator B # •h.
The splittable case
Definition 30. We call an H-twisted Lie algebroid
The above Example 28 is obviously splittable, however Example 10 cannot be split for degree reasons. In general we arrive at the following theorem.
Theorem 31. An H-twisted Lie algebroid can be written as in Example 28 iff it is splittable. There is a one-to-one correspondence between split H-twisted Lie algebroids and PQ3-manifolds with splitting. 
Proof. This is the so-called tangent complex of a Q-manifold. The vector spaces are the lowest degree tangent spaces in the sequence
and the map is the commutator with Q which turns out to be C ∞ (M )-linear. The abstract reason why the sequence is a complex is that [Q, Q] = 0, but in our particular case we also see that B ∈ Γ(S 2 ker ρ) and therefore ρ • B # = 0, as well as the dual sequence 0 = B #T • ρ T = B # • ρ T .
Regular cohomology
The H-twisted Lie algebroid where the anchor has constant rank is also a Lie-2 algebroid in the sense of [GS10] . The identifications are according to the names of the maps and t : ker ρ ֒→ E the embedding. Therefore there is a realization of the structure functions as Q-structure on a graded manifold of degree 2. Proof. This is a corollary of Proposition 3.1 in [GS10] . The coordinate description of the Q-structure is 
